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Geometric Dirac operators

(Mn, g) = closed, even-dimensional Riemannian manifold.
E → M vector bundle with connection ∇.
∆ = Laplace-type operator on C∞(M;E ).

Paul Dirac in 1928: can we find an operator D such that D2 = ∆?

Answer: define D =
∑

j cℓ(e
j)∇ej , where

cℓ : T ∗M → EndE

satisfying cℓ(e i ) cℓ(e j) + cℓ(e j) cℓ(e i ) = −2g ij id
(i.e. E → M is a Clifford module with Clifford action cℓ).

ex. Gauss-Bonnet operator: D+ = d + d∗ acting on Ωev(M) ⊆ Ω•(M)

ex. Signature operator: D+ = d + d∗ acting on self-dual forms (∗ω = ω).
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The Fredholm index

D+ is a Fredholm operator on H1(M;E+), meaning the Fredholm index

indD+ = dimkerD+ − dim cokerD+

is a finite integer indD+ ∈ Z.

It turns out that the index of a Dirac operator is an interesting topological
invariant!

ex. ind(d + d∗) = χ(M) :=
n∑

k=0

(−1)k dimHk
dR(M).

Consider simple situation where dimM = 2. Gauss-Bonnet theorem tells us
that

ind(d + d∗) = χ(M) =
1

2π

∫
M
K dA.
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The Atiyah-Singer local index theorem

Natural question: in general, for a Dirac operator D, is there a local
geometric formula for indD+?

Answer: yes! (Atiyah, Getzler, Patodi, Singer ..., circa 1971)

indD+ =
1

(2πi)n/2

∫
M
Â(TM) ∧ ch′(E )

Analysis ↔ Geometry/Topology

Notation: AS(D(M)) =
1

(2πi)n/2
Â(TM) ∧ ch′(E ).
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Heat equation proof of the local index theorem

e−tD2

= heat operator on E → M
(
∂

∂t
+ D2

)
e−tD2

u(x) = 0,

lim
t→0+

e−tD2

u(x) = u(x).

Consider the operator trace of the (chiral) heat operator

Tr(e−tD−D+

) =
∑
j

⟨e−tD−D+

ψ+
j , ψ

+
j ⟩

=

∫
M

tr
(
Ke−tD−D+ (x , x)

)
dx .

Define the supertrace of the heat operator

Str(e−tD2

) := Tr(e−tD−D+

)− Tr(e−tD+D−
).
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Heat equation proof of the local index theorem

Transgression formula:

d

dt
Str(e−tD2

) = −1

2
Str[D,De−tD2

] = 0.

Integrate the transgression formula:

indD+ = lim
t→∞

Str(e−tD2
)

= lim
t→0+

Str(e−tD2
)

=

∫
M
AS(D(M)).
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End-periodic manifolds

(Taubes 1987)

Y n W n

Z n

Z1

Mn = Z∞

Ỹ

Y

R
f

S1

exp

f

p

Ẽ

EY

end(M)E |end(M)
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End-periodic Dirac operators

Ỹ

Y

R
f

S1

exp

Ẽ

EY

end(M)E |end(M)

f

p

gY

(p∗gY )
∣∣∣
end(M)

D(Y )

D̃ = p∗D(Y )

(p∗D(Y ))
∣∣∣
end(M)
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End-periodic Dirac operators

Ỹ

Y

R
f

S1

exp

Ẽ

EY

end(M)E |endM

f

p

gY

(p∗gY )
∣∣∣
end(M)

D(Y )

(p∗D(Y ))
∣∣∣
end(M)

D̃ = p∗D(Y )

D is an end periodic
Dirac operator on M, i .e.,

D|Z = D(Z )

D|end(M) = (p∗D(Y ))
∣∣∣
end(M)

Family context :
M → B, Y → B, Ỹ → B
E = E ⊗ π∗ΛT ∗B, etc .

Replace :
EY ; E, Ẽ ; Ẽ
E ; E, D ; A, etc .
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Example: manifold with cylindrical end

Z = compact manifold with boundary ∂Z .

Ỹ = R× ∂Z , Y = S1 × ∂Z , W = [0, 1]× ∂Z , and f (t, x) = t.

M

[0,∞)t × ∂Z

g = dt2 + g∂Z

Other examples:

(i) g = dt2 + h(t)2g∂Z on the cylinder

(ii) g = u4/(n−2)(dt2 + dφ2) on R× Sn−1 (Mazzeo, Pollack, Uhlenbeck, 1994)

(iii) “Manifolds with periodic ends that are not products even topologically ...
include manifolds whose ends arise from the infinite cyclic covers of 2-knot
exteriors in the 4-sphere.” (Mrowka, Ruberman, Saveliev, 2014)

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 12 / 27



Example: manifold with cylindrical end

Z = compact manifold with boundary ∂Z .
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Renormalized trace

MRS define the renormalized trace:

RTrP = lim
N→∞

[∫
ZN

tr(KP(x , x)) dx − (N + 1)

∫
W

tr(KP̃(x , x)) dx

]
.

Key point: RTr[P,Q] ̸= 0. In fact, RTr[P,Q] is a function of the
Fourier-Laplace transform (aka indicial family) of P and Q.

For any ξ ∈ S1, define Fξ : C
∞
c (Ỹ ; Ẽ ) → C∞(Y ;EY ) by

(Fξu)(p(x)) = ξf (x)
∑
m∈Z

ξmu(x +m).

Pξ(Y ) = indicial family of P, defined by the relation

Fξ ◦ P̃ = Pξ(Y ) ◦ Fξ.
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c (Ỹ ; Ẽ ) → C∞(Y ;EY ) by

(Fξu)(p(x)) = ξf (x)
∑
m∈Z

ξmu(x +m).

Pξ(Y ) = indicial family of P, defined by the relation

Fξ ◦ P̃ = Pξ(Y ) ◦ Fξ.

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 13 / 27



Renormalized trace

MRS define the renormalized trace:

RTrP = lim
N→∞

[∫
ZN

tr(KP(x , x)) dx − (N + 1)

∫
W

tr(KP̃(x , x)) dx

]
.

Key point: RTr[P,Q] ̸= 0. In fact, RTr[P,Q] is a function of the
Fourier-Laplace transform (aka indicial family) of P and Q.

For any ξ ∈ S1, define Fξ : C
∞
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Renormalized trace defect

Cylindrical (Melrose)

bTr[P,Q] =
−1

2πi

∮
S1

Tr

(
∂Pξ

∂ξ
Qξ

)
dξ.

Periodic (MRS 2014)

RTr[P,Q] =
−1

2πi

∮
S1

Tr

(
∂Pξ

∂ξ
Qξ

)
dξ

+
1

2πi

∮
S1

∫
W

f (x) tr
(
KPξQξ

(x , x)− KQξPξ
(x , x)

)
dx

dξ

ξ
.

Periodic + family + Z2-graded (T. 2025)

RStr[P,Q] =
−1

2πi

∮
S1

Str

(
∂Pξ

∂ξ
Qξ

)
dξ

+
1

2πi

∮
S1

∫
W/B

f (x) str
(
K[Pξ,Qξ](x , x)

)
dx

dξ

ξ
.
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Atiyah-Patodi-Singer & MRS index formulas

CylindricalEnd-periodic

d

dt
RStr

(
e−tD2

)
= −

1

2
RStr

[
D,De−tD2

] d

dt
bStr

(
e−tD2

)
= −

1

2
bStr

[
D,De−tD2

]
= α1(t) + α2(t) = α1(t)

ind
(
D+

)
−

∫
Z
AS(D(Z)) ind

(
D+

)
−

∫
Z
AS(D(Z))

=

∫ ∞

0
α1(t)dt +

∫ ∞

0
α2(t)dt =

∫ ∞

0
α1(t)dt

= −
1

2
ηep(D(Y ))−

∫
W

f · AS(D(Y )) = −
1

2
η(D(∂M))

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 15 / 27



Atiyah-Patodi-Singer & MRS index formulas

CylindricalEnd-periodic

d

dt
RStr

(
e−tD2

)
= −

1

2
RStr

[
D,De−tD2

] d

dt
bStr

(
e−tD2

)
= −

1

2
bStr

[
D,De−tD2

]
= α1(t) + α2(t) = α1(t)

ind
(
D+

)
−

∫
Z
AS(D(Z)) ind

(
D+

)
−

∫
Z
AS(D(Z))

=

∫ ∞

0
α1(t)dt +

∫ ∞

0
α2(t)dt =

∫ ∞

0
α1(t)dt

= −
1

2
ηep(D(Y ))−

∫
W

f · AS(D(Y )) = −
1

2
η(D(∂M))

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 15 / 27



Atiyah-Patodi-Singer & MRS index formulas

CylindricalEnd-periodic

d

dt
RStr

(
e−tD2

)
= −

1

2
RStr

[
D,De−tD2

] d

dt
bStr

(
e−tD2

)
= −

1

2
bStr

[
D,De−tD2

]

= α1(t) + α2(t) = α1(t)

ind
(
D+

)
−

∫
Z
AS(D(Z)) ind

(
D+

)
−

∫
Z
AS(D(Z))

=

∫ ∞

0
α1(t)dt +

∫ ∞

0
α2(t)dt =

∫ ∞

0
α1(t)dt

= −
1

2
ηep(D(Y ))−

∫
W

f · AS(D(Y )) = −
1

2
η(D(∂M))

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 15 / 27



Atiyah-Patodi-Singer & MRS index formulas

CylindricalEnd-periodic

d

dt
RStr

(
e−tD2

)
= −

1

2
RStr

[
D,De−tD2

] d

dt
bStr

(
e−tD2

)
= −

1

2
bStr

[
D,De−tD2

]
= α1(t) + α2(t) = α1(t)

ind
(
D+

)
−

∫
Z
AS(D(Z)) ind

(
D+

)
−

∫
Z
AS(D(Z))

=

∫ ∞

0
α1(t)dt +

∫ ∞

0
α2(t)dt =

∫ ∞

0
α1(t)dt

= −
1

2
ηep(D(Y ))−

∫
W

f · AS(D(Y )) = −
1

2
η(D(∂M))

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 15 / 27



Atiyah-Patodi-Singer & MRS index formulas

CylindricalEnd-periodic

d

dt
RStr

(
e−tD2

)
= −

1

2
RStr

[
D,De−tD2

] d

dt
bStr

(
e−tD2

)
= −

1

2
bStr

[
D,De−tD2

]
= α1(t) + α2(t) = α1(t)

ind
(
D+

)
−

∫
Z
AS(D(Z)) ind

(
D+

)
−

∫
Z
AS(D(Z))

=

∫ ∞

0
α1(t)dt +

∫ ∞

0
α2(t)dt =

∫ ∞

0
α1(t)dt

= −
1

2
ηep(D(Y ))−

∫
W

f · AS(D(Y )) = −
1

2
η(D(∂M))

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 15 / 27



Atiyah-Patodi-Singer & MRS index formulas

CylindricalEnd-periodic

d

dt
RStr

(
e−tD2

)
= −

1

2
RStr

[
D,De−tD2

] d

dt
bStr

(
e−tD2

)
= −

1

2
bStr

[
D,De−tD2

]
= α1(t) + α2(t) = α1(t)

ind
(
D+

)
−

∫
Z
AS(D(Z)) ind

(
D+

)
−

∫
Z
AS(D(Z))

=

∫ ∞

0
α1(t)dt +

∫ ∞

0
α2(t)dt =

∫ ∞

0
α1(t)dt

= −
1

2
ηep(D(Y ))−

∫
W

f · AS(D(Y )) = −
1

2
η(D(∂M))

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 15 / 27



1 Index theory for Dirac operators

2 Index theory for end-periodic Dirac operators

3 A new index formula for families
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Families of Dirac operators

Mz −− M
π−→ B Riemannian fiber bundle, with TM = π∗TB ⊕ T (M/B).

(End-periodic case: Y , Ỹ also ...)

D = (Dz)z∈B = family of Dirac operators on Ez → Mz .
D defines a K -theory class IndD = [kerD]− [cokerD] ∈ K 0(B).
(End-periodic case: D end-periodic family of Dirac operators, and have families
D(Y ), D̃ ...)

Chern character form of a (super)connection:

ch(∇) = Str(e−∇2

) ∈ Ωeven(B).

ch defines a ring homomorphism:

ch : K 0(B) → Heven
dR (B)

ch([E ]− [F ]) = [ch(∇E )]− [ch(∇F )].

Goal: find a nice representative for ch(IndD) in de Rham cohomology.
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The Bismut superconnection

E = E ⊗ π∗ΛT ∗B → M is a horizontally degenerate Clifford module for
T ∗M with Clifford action m0 and Clifford connection ∇E,0, and then we
define

A =
∑
j

m0(e
j)∇E,0

ej

for any local orthonormal frame (ej) on TM.

First-order, odd differential operator, with components up to degree 2

A ⟳ C∞(M;E ⊗ π∗ΛT ∗B)

A = D + A[1] + A[2].

End-periodic case: also have A(Y ) on EY , and Ã on Ẽ...
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EP & cylindrical family index formula: step 1

Melrose & Piazza first step:
d

dt
bch(At) = − bStr[At ,

.
Ate

−A2
t ].
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Complication in the end-periodic case

Take P = e−sA2
t and Q = ∂t(A

2
t )e

−(1−s)A2
t in the supertrace defect formula:

RStr[e−sA2
t , ∂t(A

2
t )e

−(1−s)A2
t ] = α1(t) + α2(t).

The term α2(t) is OK. More difficult is that α1(t) ̸= 0 in the end-periodic case,
because the parity argument made by M.-P. breaks down.

Recall that we have, by the supertrace defect formula,

α1(t) =
−1

2πi

∮
S1

Str
(
∂ξ(e

−sA2
t (ξ)) · ∂t(A2

t (ξ)) · e−(1−s)sA2
t (ξ)
)
dξ

?
=

−1

2πi

∮
S1

Str(odd · even · even) dξ

= 0
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Complication in the end-periodic case

CylindricalEnd-periodic

At(ξ) = At(Y )− ln(ξ)δtm0(df ) At(ξ) = At(Y )− ln(ξ)δtm0(ds)

A2
t (ξ) = A2

t (Y )− ln(ξ)δt [A(Y ),m0(df )]

− t ln(ξ)2|dY /B f |2

A2
t (ξ) = A2

t (Y )− ln(ξ)δt [A(Y ),m0(ds)]

− t ln(ξ)2|dY /B s|2

[A(Y ),m0(df )] = m0

(
∇T∗Y df

)
−∇EY ,0

gradf

= 0 iff the periodic end is cylindrical

Proposition (T., 2025)

0

= A2
t (Y )− t ln(ξ)2

e−A2
t (ξ) = e−A2

t (Y )e−t ln(ξ)2

e−A2
t (ξ) = ???
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EP & cylindrical family index formula: step 2

CylindricalEnd-periodic

d

dt
bch(At) = − bStr

[
At ,

.
Ate

−A2
t

]d

dt
Rch(At) = − RStr

[
At ,

.
Ate

−A2
t

]
+α1(t) + α2(t) = − bStr

[
At − A[1],

.
Ate

−A2
t

]
− bStr

[
A[1],

.
Ate

−A2
t

]
= −

1

2
η̂(t)− (exact)

= β1(t) + β2(t) + α1(t) + α2(t)

+ (exact)

= −
1

2
η̂ep(t)

−
d

dt

∮
S1

∫
W/B

f (x) str(K
e−A2t (ξ)

(x , x)) dx
dξ

ξ
+ (exact)

(∗) −
1

2
η̂ep(t) = α1(t) + β1(t)

= α1(t)−
1

2πi

∮
|ξ|=1

t1/2 Str
(
cℓ(dY/B f )

.
At(Y )(ξ)e−A2

t (Y )(ξ)
) dξ

ξ

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 22 / 27



EP & cylindrical family index formula: step 2

CylindricalEnd-periodic

d

dt
bch(At) = − bStr

[
At ,

.
Ate

−A2
t

]d

dt
Rch(At) = − RStr

[
At ,

.
Ate

−A2
t

]
+α1(t) + α2(t) = − bStr

[
At − A[1],

.
Ate

−A2
t

]
− bStr

[
A[1],

.
Ate

−A2
t

]
= −

1

2
η̂(t)− (exact)

= β1(t) + β2(t) + α1(t) + α2(t)

+ (exact)

= −
1

2
η̂ep(t)

−
d

dt

∮
S1

∫
W/B

f (x) str(K
e−A2t (ξ)

(x , x)) dx
dξ

ξ
+ (exact)

(∗) −
1

2
η̂ep(t) = α1(t) + β1(t)

= α1(t)−
1

2πi

∮
|ξ|=1

t1/2 Str
(
cℓ(dY/B f )

.
At(Y )(ξ)e−A2

t (Y )(ξ)
) dξ

ξ

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 22 / 27



EP & cylindrical family index formula: step 2

CylindricalEnd-periodic

d

dt
bch(At) = − bStr

[
At ,

.
Ate

−A2
t

]d

dt
Rch(At) = − RStr

[
At ,

.
Ate

−A2
t

]
+α1(t) + α2(t)

= − bStr
[
At − A[1],

.
Ate

−A2
t

]
− bStr

[
A[1],

.
Ate

−A2
t

]
= −

1

2
η̂(t)− (exact)

= β1(t) + β2(t) + α1(t) + α2(t)

+ (exact)

= −
1

2
η̂ep(t)

−
d

dt

∮
S1

∫
W/B

f (x) str(K
e−A2t (ξ)

(x , x)) dx
dξ

ξ
+ (exact)

(∗) −
1

2
η̂ep(t) = α1(t) + β1(t)

= α1(t)−
1

2πi

∮
|ξ|=1

t1/2 Str
(
cℓ(dY/B f )

.
At(Y )(ξ)e−A2

t (Y )(ξ)
) dξ

ξ

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 22 / 27



EP & cylindrical family index formula: step 2

CylindricalEnd-periodic

d

dt
bch(At) = − bStr

[
At ,

.
Ate

−A2
t

]d

dt
Rch(At) = − RStr

[
At ,

.
Ate

−A2
t

]
+α1(t) + α2(t) = − bStr

[
At − A[1],

.
Ate

−A2
t

]
− bStr

[
A[1],

.
Ate

−A2
t

]

= −
1

2
η̂(t)− (exact)

= β1(t) + β2(t) + α1(t) + α2(t)

+ (exact)

= −
1

2
η̂ep(t)

−
d

dt

∮
S1

∫
W/B

f (x) str(K
e−A2t (ξ)

(x , x)) dx
dξ

ξ
+ (exact)

(∗) −
1

2
η̂ep(t) = α1(t) + β1(t)

= α1(t)−
1

2πi

∮
|ξ|=1

t1/2 Str
(
cℓ(dY/B f )

.
At(Y )(ξ)e−A2

t (Y )(ξ)
) dξ

ξ

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 22 / 27



EP & cylindrical family index formula: step 2

CylindricalEnd-periodic

d

dt
bch(At) = − bStr

[
At ,

.
Ate

−A2
t

]d

dt
Rch(At) = − RStr

[
At ,

.
Ate

−A2
t

]
+α1(t) + α2(t) = − bStr

[
At − A[1],

.
Ate

−A2
t

]
− bStr

[
A[1],

.
Ate

−A2
t

]
= −

1

2
η̂(t)− (exact)

= β1(t) + β2(t) + α1(t) + α2(t)

+ (exact)

= −
1

2
η̂ep(t)

−
d

dt

∮
S1

∫
W/B

f (x) str(K
e−A2t (ξ)

(x , x)) dx
dξ

ξ
+ (exact)

(∗) −
1

2
η̂ep(t) = α1(t) + β1(t)

= α1(t)−
1

2πi

∮
|ξ|=1

t1/2 Str
(
cℓ(dY/B f )

.
At(Y )(ξ)e−A2

t (Y )(ξ)
) dξ

ξ

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 22 / 27



EP & cylindrical family index formula: step 2

CylindricalEnd-periodic

d

dt
bch(At) = − bStr

[
At ,

.
Ate

−A2
t

]d

dt
Rch(At) = − RStr

[
At ,

.
Ate

−A2
t

]
+α1(t) + α2(t) = − bStr

[
At − A[1],

.
Ate

−A2
t

]
− bStr

[
A[1],

.
Ate

−A2
t

]
= −

1

2
η̂(t)− (exact)

= β1(t) + β2(t) + α1(t) + α2(t)

+ (exact)

= −
1

2
η̂ep(t)

−
d

dt

∮
S1

∫
W/B

f (x) str(K
e−A2t (ξ)

(x , x)) dx
dξ

ξ
+ (exact)

(∗) −
1

2
η̂ep(t) = α1(t) + β1(t)

= α1(t)−
1

2πi

∮
|ξ|=1

t1/2 Str
(
cℓ(dY/B f )

.
At(Y )(ξ)e−A2

t (Y )(ξ)
) dξ

ξ

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 22 / 27



EP & cylindrical family index formula: step 2

CylindricalEnd-periodic

d

dt
bch(At) = − bStr

[
At ,

.
Ate

−A2
t

]d

dt
Rch(At) = − RStr

[
At ,

.
Ate

−A2
t

]
+α1(t) + α2(t) = − bStr

[
At − A[1],

.
Ate

−A2
t

]
− bStr

[
A[1],

.
Ate

−A2
t

]
= −

1

2
η̂(t)− (exact)

= β1(t) + β2(t) + α1(t) + α2(t)

+ (exact)

= −
1

2
η̂ep(t)

−
d

dt

∮
S1

∫
W/B

f (x) str(K
e−A2t (ξ)

(x , x)) dx
dξ

ξ
+ (exact)

(∗) −
1

2
η̂ep(t) = α1(t) + β1(t)

= α1(t)−
1

2πi

∮
|ξ|=1

t1/2 Str
(
cℓ(dY/B f )

.
At(Y )(ξ)e−A2

t (Y )(ξ)
) dξ

ξ

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 22 / 27



EP & cylindrical family index formula: step 2

CylindricalEnd-periodic

d

dt
bch(At) = − bStr

[
At ,

.
Ate

−A2
t

]d

dt
Rch(At) = − RStr

[
At ,

.
Ate

−A2
t

]
+α1(t) + α2(t) = − bStr

[
At − A[1],

.
Ate

−A2
t

]
− bStr

[
A[1],

.
Ate

−A2
t

]
= −

1

2
η̂(t)− (exact)

= β1(t) + β2(t) + α1(t) + α2(t)

+ (exact)

= −
1

2
η̂ep(t)

−
d

dt

∮
S1

∫
W/B

f (x) str(K
e−A2t (ξ)

(x , x)) dx
dξ

ξ
+ (exact)

(∗) −
1

2
η̂ep(t) = α1(t) + β1(t)

= α1(t)−
1

2πi

∮
|ξ|=1

t1/2 Str
(
cℓ(dY/B f )

.
At(Y )(ξ)e−A2

t (Y )(ξ)
) dξ

ξ
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Index for families of end-periodic Dirac operators

Theorem (T.)The transgression formula for the renormalized Chern character of
the end-periodic Bismut superconnection At is

d

dt
Rch(At) =

1

2πi

d

dt

∮
|ξ|=1

∫
W/B

f (x) str
(
K
e−A2t (Y )(ξ)(x , x)

)
dx

dξ

ξ

− 1

2
η̂ep(t)− dB

(
1

2πi

∮
|ξ|=1

Str

(
∂Qξ

∂ξ

)
dξ

)
.

The end-periodic eta form is given by

1

2
η̂ep(t) =

−1

2πi

∮
|ξ|=1

t1/2 Str
(
cℓ(dY/B f )

.
At(Y )(ξ)e−A2

t (Y )(ξ)
) dξ

ξ

+
1

2πi

∮
|ξ|=1

Str

(
d

dt
[At(Y )(ξ), δtm0(df )]Ht(ξ)

)
dξ

ξ

with Ht(ξ) =

∫ 1

0

e−uA2
t (ξ) du.
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Index for families of end-periodic Dirac operators

Theorem (T.) The Chern character of the index bundle for a family of
end-periodic Dirac operators D = (Dz)z∈B is represented in de Rham
cohomology by∫

Z/B
AS(D(Z ))−

∫
W /B

f AS(D(Y ))− 1

2
η̂ep ∈ Ω

•
(B)

where η̂ep is the end-periodic eta form

η̂ep =

∫ ∞

0
η̂ep(t) dt.

The degree 0 component of η̂ep is the fiberwise end-periodic eta invariant
z 7→ ηep(D

z(Yz)).
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Thank you

A few references:

1 C. Taubes, Gauge theory on end-periodic 4-manifolds, 1987.

2 N. Berline, E. Getzler, M. Vergne, Heat Kernels and Dirac Operators,
1992.

3 R. Melrose, P. Piazza, Families of Dirac Operators, Boundaries, and
the b-Calculus, 1997.

4 T. Mrowka, D. Ruberman, N. Saveliev, An index theorem for
end-periodic operators, 2014.

Alex Taylor (UIUC) Index formula for families of end-periodic Dirac operators May 6, 2025 25 / 27



Extra slide

Some other important operators:

δtm0(df ) = t1/2 cℓ(dY /B f ) + π∗dB f

At(Y )(ξ) = At(Y )− log(ξ)δtm0(df )

Qξ =
.
At(Y )(ξ)e−A2

t (Y )(ξ)

The end-periodic eta invariant in the MRS index formula is given by

1

2
η̂ep =

1

2πi

∫ ∞

0

∮
|ξ|=1

Tr(cℓ(df )D+
ξ exp(−tD−

ξ D+
ξ )

dξ

ξ
dt.
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Extra slide

The Bismut superconnection on Y is

A(Y ) = D(Y ) + A[1](Y ) + A[2](Y )

where

A[1](Y ) =
∑
α

eα ∧
(
∇EY

eα +
1

2
kY (eα)

)
A[2](Y ) = −1

4

∑
α<β

∑
j

eα ∧ eβ cℓ(e j)ΩY (eα, eβ)ej
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