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Geometric Dirac operators

(M", g) = closed, even-dimensional Riemannian manifold.
E — M vector bundle with connection V.

A = Laplace-type operator on C*°(M; E).
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Geometric Dirac operators

(M", g) = closed, even-dimensional Riemannian manifold.
E — M vector bundle with connection V.

A = Laplace-type operator on C°(M; E).

Paul Dirac in 1928: can we find an operator D such that D? = A?
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Geometric Dirac operators

(M", g) = closed, even-dimensional Riemannian manifold.
E — M vector bundle with connection V.
A = Laplace-type operator on C°(M; E).

Paul Dirac in 1928: can we find an operator D such that D? = A?

Answer: define D = 3. cl(e/)V;, where
cl: T"M — End E

satisfying cl(e') cl(e/) + cl(e/) cl(e’) = —2g7 id
(i.e. E— M is a Clifford module with Clifford action cf).
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Geometric Dirac operators

(M", g) = closed, even-dimensional Riemannian manifold.

E — M vector bundle with connection V.

A = Laplace-type operator on C°(M; E).

Paul Dirac in 1928: can we find an operator D such that D? = A?

Answer: define D = 3. cl(e/)V;, where
cl: T"M — End E

satisfying cl(e') cl(e/) + cl(e/) cl(e’) = —2g7 id
(i.e. E— M is a Clifford module with Clifford action cf).

ex. Gauss-Bonnet operator: D™ = d + d* acting on Q°V(M) C Q'(M)
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Geometric Dirac operators

(M", g) = closed, even-dimensional Riemannian manifold.

E — M vector bundle with connection V.

A = Laplace-type operator on C°(M; E).

Paul Dirac in 1928: can we find an operator D such that D? = A?

Answer: define D = 3. cl(e/)V;, where
cl: T"M — End E

satisfying cl(e) cf(e/) + cl(e/) cl(e’) = —2g7 id
(i.e. E— M is a Clifford module with Clifford action cf).
ex. Gauss-Bonnet operator: D™ = d + d* acting on Q°V(M) C Q'(M)

ex. Signature operator: D' = d 4 d* acting on self-dual forms (xw = w).
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The Fredholm index
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The Fredholm index

D* is a Fredholm operator on H!(M; E*), meaning the Fredholm index
ind D™ = dim ker D™ — dim coker D

is a finite integer ind DT € Z.
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The Fredholm index

D* is a Fredholm operator on H!(M; E*), meaning the Fredholm index
ind D™ = dim ker D™ — dim coker D

is a finite integer ind DT € Z.

It turns out that the index of a Dirac operator is an interesting topological
invariant!

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz May 6, 2025 4/27



The Fredholm index

D* is a Fredholm operator on H!(M; E*), meaning the Fredholm index
ind D™ = dim ker D™ — dim coker D

is a finite integer ind DT € Z.

It turns out that the index of a Dirac operator is an interesting topological

invariant!
n

ex. ind(d + d*) = x(M) := > _(—1) dim Hjig(M).
k=0
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The Fredholm index

D% is a Fredholm operator on H(M; ET), meaning the Fredholm index
ind D™ = dim ker D™ — dim coker D

is a finite integer ind DT € Z.

It turns out that the index of a Dirac operator is an interesting topological

invariant!
n

ex. ind(d + d*) = x(M) := > _(—1) dim Hjig(M).

k=0
Consider simple situation where dim M = 2. Gauss-Bonnet theorem tells us
that

™

ind(d + d*) = (M) = 2i /M K dA.
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The Atiyah-Singer local index theorem
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The Atiyah-Singer local index theorem

Natural question: in general, for a Dirac operator D, is there a local
geometric formula for ind D*?
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The Atiyah-Singer local index theorem

Natural question: in general, for a Dirac operator D, is there a local
geometric formula for ind D*?

Answer: yes! (Atiyah, Getzler, Patodi, Singer ..., circa 1971)
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The Atiyah-Singer local index theorem

Natural question: in general, for a Dirac operator D, is there a local
geometric formula for ind D*?

Answer: yes! (Atiyah, Getzler, Patodi, Singer ..., circa 1971)

ind Dt = W/MA\(TM)/\C}I/(E)
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The Atiyah-Singer local index theorem

Natural question: in general, for a Dirac operator D, is there a local
geometric formula for ind D*?

Answer: yes! (Atiyah, Getzler, Patodi, Singer ..., circa 1971)

ind Dt = W/MA\(TM)/\C}I/(E)

Analysis <> Geometry/Topology
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The Atiyah-Singer local index theorem

Natural question: in general, for a Dirac operator D, is there a local

geometric formula for ind D*?
Answer: yes! (Atiyah, Getzler, Patodi, Singer ..., circa 1971)

ind Dt = W/MA\(TM)/\C}I/(E)

Analysis <> Geometry/Topology

Notation: AS(D(M)) — Wﬁ( TM) A cb(E).
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Heat equation proof of the local index theorem
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Heat equation proof of the local index theorem
e~t0" = heat operator on E — M

=] & = E DA
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Heat equation proof of the local index theorem

2
e tP" = heat operator on E — M

(% P 2) e P u(x) =0,

tl_i)rgh e P u(x) = u(x).
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Heat equation proof of the local index theorem

2
e tP" = heat operator on E — M

(% + D2> e_tD2u(x) =0,
tl_i)r& e P u(x) = u(x).

Consider the operator trace of the (chiral) heat operator

Tr(eftD_D*') _ Z<e7tD_D+ j_’wj—>

J
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Heat equation proof of the local index theorem

2
e tP" = heat operator on E — M

(% + D2> e_tD2u(x) =0,
tl_i)r& e P u(x) = u(x).

Consider the operator trace of the (chiral) heat operator

Tr(eftD_D*') _ Z<e7tD_D+ J—&-’wj->

J

- /Mtr (K,—w0-0+ (x, x)) dx.
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Heat equation proof of the local index theorem

2
e tP" = heat operator on E — M

(% P 2) e P u(x) =0,

tl_i,T+ e P u(x) = u(x).

Consider the operator trace of the (chiral) heat operator

Tr(eftD_D*') _ Z<e7tD_D+ J—&-’qu->

J

/Mtr (Ke_tD_DJr (x, x)) dx.

Define the supertrace of the heat operator

Str(e ™) := Tr(e ™ 0") — Tr(e ™' 07).
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Heat equation proof of the local index theorem

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz



Heat equation proof of the local index theorem

Transgression formula:

1
p Str(e_tDz) =-3 Str[D, De_tDz] =0.

=] & = E DA
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Heat equation proof of the local index theorem

Transgression formula:
d 1
p Str(e_tDz) =-3 Str[D, De_tDz] =0.

Integrate the transgression formula:

indDT = lim Str(e_tDz)
t—>00
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Heat equation proof of the local index theorem

Transgression formula:
d 1
p Str(e_tDz) =-3 Str[D, De_tDz] =0.

Integrate the transgression formula:

indDT = lim Str(e_tDz)
t—>00

= lim Str(e”tP%)
t—0t

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz May 6, 2025

7/27



Heat equation proof of the local index theorem

Transgression formula:
d 1
p Str(e_tDz) =-3 Str[D, De_tDz] =0.
Integrate the transgression formula:
indDT = lim Str(e_tDz)

t—o0

= lim Str(e”tP%)
t—0t

= / AS(D(M)).
M
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© Index theory for end-periodic Dirac operators
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End-periodic manifolds
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End-periodic manifolds

(Taubes 1987)
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End-periodic manifolds

(Taubes 1987)
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End-periodic Dirac operators
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End-periodic Dirac operators
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End-periodic Dirac operators

*D(Y "
(p*D(Y)) end(M) (p*gv)
/ /
4 /7
/ /
/ /

E|end(M) —> end(M)
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- f
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Al e

end(M)
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/ / f
/ /
’ ’
/ gy/
D(Y)
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End-periodic Dirac operators
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End-periodic Dirac operators

(p*D(Y)) |

4 7
4 /
/ /

Elenav —> end(M)

=

Y
Pl
Y S

end)  (P*8Y) Lnd(M

D is an end periodic
Dirac operator on M, i.e.,

D|z = D(2)

D|end(M) = (p*D(Y)) end(M)



End-periodic Dirac operators

(p*D(Y)) Lnd(/w) (P*gv)‘
4 /
4 /
/ /

E‘endM —_—> end(M)

end(M)

Y
/
NS
/
Y S

=

D is an end periodic
Dirac operator on M, i.e.,

D|z = D(Z)

Blenatrn) = (P" DY |y

Family context :
M—B,Y—B, Y—B
E=EQn*AT*B, etc.

Replace :
EYME, E~E
E~E, D~ A, etc.
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Example: manifold with cylindrical end
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Example: manifold with cylindrical end

Z = compact manifold with boundary 0Z.
Y=RxdZ, Y=5'x8Z W=[0,1] x dZ, and f(t,x) = t.
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Example: manifold with cylindrical end

Z = compact manifold with boundary 0Z.
Y=Rx8Z, Y=S5"%x0Z W=[0,1] xdZ, and f(t,x) = t.

[0, OO)t x 0Z

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz May 6, 2025

12/27



Example: manifold with cylindrical end

Z = compact manifold with boundary 0Z.
Y=Rx8Z, Y=S5"%x0Z W=[0,1] xdZ, and f(t,x) = t.

[0, OO)t x 0Z

Other examples:

(i) g = dt? + h(t)gsz on the cylinder
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Example: manifold with cylindrical end

Z = compact manifold with boundary 0Z.
Y=Rx8Z, Y=S5"%x0Z W=[0,1] xdZ, and f(t,x) = t.

[0, OO)t x 0Z

g = d* + goz
Other examples:

(i) g = dt? + h(t)gsz on the cylinder
(i) g = u*/("=D(dt? + dp?) on R x S"~ (Mazzeo, Pollack, Uhlenbeck, 1994)

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz May 6, 2025 12/27



Example: manifold with cylindrical end

Z = compact manifold with boundary 0Z.
Y=Rx8Z, Y=S5"%x0Z W=[0,1] xdZ, and f(t,x) = t.

[0, OO)t x 07

g = dt?* + goz
Other examples:

(i) g = dt? + h(t)gsz on the cylinder
(i) g = u*/("=2)(dt? + dp?) on R x S"~! (Mazzeo, Pollack, Uhlenbeck, 1994)

(i) “Manifolds with periodic ends that are not products even topologically ...
include manifolds whose ends arise from the infinite cyclic covers of 2-knot
exteriors in the 4-sphere.” (Mrowka, Ruberman, Saveliev, 2014)

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz May 6, 2025 12/27



Renormalized trace

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz



Renormalized trace

MRS define the renormalized trace:

RTrP = lim {/ZN tr(Kp(x,x)) dx — (N + 1) /W tr(Kp(x, x)) dx] .

N—o0
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Renormalized trace

MRS define the renormalized trace:

RTrp = Nlinoo [/ZN tr(Kp(x,x)) dx — (N + 1) /W tr(Kp(x, x)) dx] .

Key point: ®Tr[P, Q] # 0. In fact, ®Tr[P, Q] is a function of the
Fourier-Laplace transform (aka indicial family) of P and Q.
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Renormalized trace

MRS define the renormalized trace:

RTrp = Nlinoo [/ZN tr(Kp(x, x)) dx — (N + 1) /W tr(Kp(x, x)) dx] .

Key point: RTr[P, Q] # 0. In fact, RTr[P, @] is a function of the
Fourier-Laplace transform (aka indicial family) of P and Q.

For any ¢ € S?, define F; : C°(Y; E) — C>®(Y; Ey) by

(Feu)(p(x)) = 0>~ emu(x + m).

me7Z
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Renormalized trace

MRS define the renormalized trace:

RTrp = Nlinoo [/ZN tr(Kp(x, x)) dx — (N + 1) /W tr(Kp(x, x)) dx] .

Key point: RTr[P, Q] # 0. In fact, RTr[P, @] is a function of the
Fourier-Laplace transform (aka indicial family) of P and Q.

For any ¢ € S?, define F; : C°(Y; E) — C>®(Y; Ey) by

(Feu)(p(x)) = 0>~ emu(x + m).

me7Z

P¢(Y) = indicial family of P, defined by the relation
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Renormalized trace defect
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Renormalized trace defect
Cylindrical (Melrose)

b _ ! ]{ i3
Tr[P, Q] = 571 P Tr

=] & = E DA
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Renormalized trace defect

-1 oP
TP, Ql = o f; Tr (8—;Q§> de.

Periodic (MRS 2014)

R 1 OP¢
Tri.Ql= 2:7{ ( £Q§> *

27r17{ / (x) tr (Kpeqe (x, x) — Ka.p (x, x)) dx

Cylindrical (Melrose)

a
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Renormalized trace defect
Cylindrical (Melrose)

-1 oP
TP, Ql = o f; Tr <8—;Q§) de.

Periodic (MRS 2014)

RTH[P, Q] = 211}[ (625(?&) "
d
27“ j{_l/ (x) tr (Kp, @ (x, X) — Ko pe (X, x)) dx ;

Periodic + family + Zo-graded (T. 2025)

d
27r/ %g] /W/B ) str (K[P5 Q] (%, x)) dx?€
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Atiyah-Patodi-Singer & MRS index formulas
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Atiyah-Patodi-Singer & MRS index formulas
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Atiyah-Patodi-Singer & MRS index formulas

End-periodic Cylindrical
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Atiyah-Patodi-Singer & MRS index formulas

End-periodic Cylindrical
% Rstr (e*tD2> = —% Rstr [D, De"Dz] % bStr (e*tD2> = —% bstr [D, De*tDz]

= ou(t) + az(t) = ay(t)




Atiyah-Patodi-Singer & MRS index formulas

End-periodic

% Rstr (e*tD2> = —% Rstr [D, De*tDz]
= ax(t) + az(t)
ind (D+) — /Z AS(D(Z))

:/O(><> oq(t)dt-&-/ooo a(t)dt

Cylindrical

% bStr (e*tD2> = —% bstr [D, De*tDz]

= Otl(f)

ind (D+) — /Z AS(D(Z))

= /OOO a1 (t)dt



Atiyah-Patodi-Singer & MRS index formulas

End-periodic Cylindrical
d _? 1 _p2? d N | _ D2
ERStr (e D) :_ERS” [D,De D] EbStr (e b ) _—EbStr [D,De D]
= o1 (t) + az(t) = o (t)
ind (D™) — | AS(D(Z i _
(DF) /Z (D(2)) ind (D*) /ZAS(D(Z))
:/0 a1(t)dt+/0 ao(t)dt :/0 ag(t)dt
= 51D = [ - AS(D(V)) = —Sn(D@M))
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© A new index formula for families

Alex Taylo



Families of Dirac operators
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Families of Dirac operators

M, — M = B Riemannian fiber bundle, with TM = n*TB & T(M/B).
(End-periodic case: Y,Y also ...)
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Families of Dirac operators

M, — M = B Riemannian fiber bundle, with TM = n*TB & T(M/B).
(End-periodic case: Y,Y also ...)

D = (D?),cp = family of Dirac operators on E, — M,.
D defines a K-theory class Ind D = [ker D] — [coker D] € K°(B).

(End-periodic case: D end-periodic family of Dirac operators, and have families
D(Y), D ..)

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz May 6, 2025 17/27



Families of Dirac operators
M, — M = B Riemannian fiber bundle, with TM = n*TB & T(M/B).
(End-periodic case: Y,Y also ...)

D = (D?),ecp = family of Dirac operators on E, — M,.
D defines a K-theory class Ind D = [ker D] — [coker D] € K°(B).

(End-periodic case: D end-periodic family of Dirac operators, and have families
D(Y), D ..)

Chern character form of a (super)connection:

ch(V) = Str(e™ V') € Q°(B).
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Families of Dirac operators
M, — M = B Riemannian fiber bundle, with TM = n*TB & T(M/B).
(End-periodic case: Y,Y also ...)

D = (D?),cp = family of Dirac operators on E, — M.

D defines a K-theory class Ind D = [ker D] — [coker D] € K°(B).

(End-periodic case: D end-periodic family of Dirac operators, and have families
D(Y), D ..)

Chern character form of a (super)connection:
ch(V) = Str(e™ V') € Q°(B).
ch defines a ring homomorphism:

ch: K%(B) — HS¥™(B)
ch([E] — [F]) = [ch(VF)] — [ch(V7)].
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Families of Dirac operators

M, — M = B Riemannian fiber bundle, with TM = n*TB & T(M/B).
(End-periodic case: Y,Y also ...)

D = (D?),cp = family of Dirac operators on E, — M.

D defines a K-theory class Ind D = [ker D] — [coker D] € K°(B).

(End-periodic case: D end-periodic family of Dirac operators, and have families
D(Y), D ..)

Chern character form of a (super)connection:
ch(V) = Str(e™ V') € Q°(B).
ch defines a ring homomorphism:

ch: K%(B) — HS¥™(B)
ch([E] — [F]) = [ch(VF)] — [ch(V7)].

Goal: find a nice representative for ch(Ind D) in de Rham cohomology.
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The Bismut superconnection
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The Bismut superconnection
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The Bismut superconnection

E=EQa*AT*B — M is a horizontally degenerate Clifford module for
T*M with Clifford action mg and Clifford connection V®0, and then we

define '
A=Y mo(e)Ve?
j

for any local orthonormal frame (e;) on TM.
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The Bismut superconnection

E=EQa*AT*B — M is a horizontally degenerate Clifford module for
T*M with Clifford action mg and Clifford connection V®0, and then we

define '
A=Y mo(e)Ve?
j

for any local orthonormal frame (e;) on TM.

First-order, odd differential operator, with components up to degree 2

AO C®(M; E®n*AT*B)
A=D+ Ay + Ay
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The Bismut superconnection

E=EQa*AT*B — M is a horizontally degenerate Clifford module for
T*M with Clifford action mg and Clifford connection V®0, and then we

define '
A=Y mo(e)VED
J

for any local orthonormal frame (e;) on TM.

First-order, odd differential operator, with components up to degree 2

A0 C®(M;E @ m*AT*B)
A=D+ Ay + Ay

End-periodic case: also have A(Y) on Ey, and A on E...
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EP & cylindrical family index formula: step 1
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EP & cylindrical family index formula: step 1

Melrose & Piazza first step: o bch(A;) = — bStr[At,A-te_Af].

=] & = E DA
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EP & cylindrical family index formula: step 1

Melrose & Piazza first step: %bch(At) =— bStr[At,A-te_Af].

FAMILIES OF DIRAC OPERATORS 147

Proof. By Duhamel’s formula, the derivative of the heat kernel is

d r dA?

. —A2 —sA2 —(1-s)A2

(13.10) e Ay :—/c A g3 (1=9)4% g, Voee dedech
A ¢ &WM\&\O\

(The indicial family of A? is even in /\180 applying (12.5) to commute
the leading term, from left to right, no boundary terms arise. Thus

d . dA? _
Z-C = — bS 2% A )
(13.11) a b-Ch(A,) b-STr ( T
Since A; is odd and commutes with exp(—A?), this can be written as a
supercommutator:
d dA; 2
(13.12) 5 PCh(A) = — b-STr[A,, d_zt“ AfY.

Now, dA; /dt is a fibre operator so (12.5) can be applied to give
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Complication in the end-periodic case

Take P = e~ and Q = 8;(A2)e~(1=9)A in the supertrace defect formula:

RStrle=4, 9,(A2)e (194 = ay(t) + aa(t).
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Complication in the end-periodic case

Take P = e~ and Q = 8;(A2)e~(1=9)A in the supertrace defect formula:
RStrle=4, 9,(A2)e (194 = ay(t) + aa(t).

The term ay(t) is OK. More difficult is that a;(t) # 0 in the end-periodic case,
because the parity argument made by M.-P. breaks down.
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Complication in the end-periodic case

Take P = e~ and Q = 8;(A2)e~(1=9)A in the supertrace defect formula:
RStrle=4, 9,(A2)e (194 = ay(t) + aa(t).

The term ay(t) is OK. More difficult is that a;(t) # 0 in the end-periodic case,

because the parity argument made by M.-P. breaks down.

Recall that we have, by the supertrace defect formula,

ai(t) = -1 Str (85( sAf(s)) L9, (A2(€)) - e §)sA2 (¢ )) d

ori
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Complication in the end-periodic case

Take P = e~ and Q = 8;(A2)e~(1=9)A in the supertrace defect formula:
RStrle=4, 9,(A2)e (194 = ay(t) + aa(t).

The term ay(t) is OK. More difficult is that a;(t) # 0 in the end-periodic case,
because the parity argument made by M.-P. breaks down.

Recall that we have, by the supertrace defect formula,

—1 —sA; s)sA%(&
w(®) = 5 S (Gele ) aANE) e ) ae
2 -1
= o Str(odd - even - even) d§

=0
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Complication in the end-periodic case

End-periodic Cylindrical

At(&) = Ae(Y) — In(€)d:mo(dF) Ai(&) = At(Y) — In(€)dtmo(ds)




Complication in the end-periodic case

End-periodic Cylindrical
At(&) = Ae(Y) — In(€)d:mo(dF) At(&) = Ae(Y) — In(&)demo(ds)
AF(€) = AF(Y) — In(€):[A(Y'), mo(df)] AZ(€) = AZ(Y) = In(€)8:[A(Y), mo(ds)]

— tin(¢)?|dy /sf? — tIn(¢)?|dy /ps|?




Complication in the end-periodic case

End-periodic
At(§) = Ac(Y) — In(§)d: mo(df)
A3 (€) = AZ(Y) — In(€)8:[A(Y), mo(df)]

— tin(€)?|dy /5f|

Cylindrical
At(§) = Ae(Y) — In(&§)demo(ds)
AZ(€) = AZ(Y) = In(€)8:[A(Y), mo(ds)]

— tIn(£)?|dy /gs|?

Proposition (T., 2025)

[A(Y), mo(df)] = mo (VT"Ydf) = Vo0

= 0 iff the periodic end is cylindrical

gradf




Complication in the end-periodic case

End-periodic Cylindrical

Ae(€) = Ae(Y) — In(€)demo(dF) At(§) = Ae(Y) — In(£)demo(ds) 0

AZ (&) = AZ(Y) — In(&)3t[A(Y), mo(df)] AZ (&) = AZ(Y) - 'n(E)ét[W
— tIn(¢)?[dy /5f|? — tIn(€)*|dy /s’

= A2(Y) - tin(¢)?

Proposition (T., 2025)

[A(Y), mo(df)] = mo (V7" Ydf) = V00

= 0 iff the periodic end is cylindrical




Complication in the end-p

End-periodic
At(§) = Ac(Y) — In(§)d: mo(df)
AF(€) = AF(Y) — In(€):[A(Y'), mo(df)]

—t |n(§)2|dy/Bf|2

e AHE) = 777

eriodic case

Cylindrical

At(§) = Ae(Y) — In(§)demo(ds)

AZ(&) = AZ(Y) — In(€)3e[A(Y )10 (ds)]
— tIn(€)*|dy /sl

= AZ(Y) — tIn(¢)?

e—A2(6) — e—AZ(Y)e—tn(€)?

Proposition (T., 2025)

=0

[A(Y), mo(df)] = mo (VT*Ydf) — Vi

gradf

iff the periodic end is cylindrical

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz

May 6, 2025

0

2127



EP & cylindrical family index formula: step 2
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EP & cylindrical family index formula: step 2

End-periodic Cylindrical




EP & cylindrical family index formula: step 2

End-periodic

dpg _ _R i A2
= Reh(Ar) = — Fstr [At,Ate ]

+ou(t) + aa(t)

Cylindrical

ap b
— Pch(A;) = —°St
: C( t) r

(A, e



EP & cylindrical family index formula: step 2

End-periodic Cylindrical
dr __R i A2 d . 2
p ch(At) = —"Str [At,Ate f] - beh(Ar) = — PStr [At,AtefA!]
+a1(t) + a2(t) = — bstl’ |:At — /4[1]7 AteiA%]

o5t [ Ay, Are ]




EP & cylindrical family index formula: step 2

End-periodic Cylindrical
dr __R i A2 d . 2
p ch(At) = —"Str [At,Ate f] - beh(Ar) = — PStr [At,AtefA!]
+a1(t) + a2(t) = — bstl’ |:At — /4[1]7 AteiA%]

o5t [ Ay, Are ]

= 7%ﬁ(t) — (exact)



EP & cylindrical family index formula: step 2

End-periodic Cylindrical
d .22 .
p Reh(Ar) = — Rstr [At,Ate Af] %bch(At) — _ bgyr [At,AtefA%]
+a1(t) + ag(t) = — bStr |:At — A[1]7 A.teiA%]
= B1(t) + Ba(t) + ca(t) + aa(t) —bstr [Am, Ate*ﬂ
+ (exact
( ) = 7%ﬁ(t) — (exact)



EP & cylindrical family index formula: step 2

End-periodic Cylindrical

dpg _ _R i A2 d . >
p ch(At) = — "Str [At,Ate f] pr bch(At) = — bsyr [At,Ate’A!]

+a1(t) + aZ(t) = — bstl’ |:At — /4[1]7 AteiA%]

= Pu(t) + Ba(t) + ar(t) + ao(t) — bstr [A[l],A'te*Af]
+ (exact
( ) = 7%ﬁ(t) — (exact)
1.
= —Erlep(t)

d d
= ?21 /W/B f(x) str(KefA%(Q(x,x)) dx?5 + (exact)



EP & cylindrical family index formula: step 2

End-periodic Cylindrical
d g R i A d .
% ch(At) = = "Str [At,Ate t] - beh(Ar) = — PStr [AhAte_A%]
+Oé1(t) + az(t) = — bStr |:At — A[l],AteiAg]
= B1(t) + Ba(t) + ar(t) + az(t) —bstr [Am, A'te_Af]
+ (exact
( ) = 7%?)\@) — (exact)
1
. —E'ﬂep(t)

d d
T dt ?{-1 /W/B FO)str(K e (x, X)) de + (exact)

() = 3en(8) = a(8) + (1)

1 . e de
=ai(t) - 5— ffig\:l t1/2 Str (c((dy/Bf)At(Y)(g)e AI(Y)(s)) %

27i
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Index for families of end-periodic Dirac operators

Theorem (T.) The transgression formula for the renormalized Chern character of
the end-periodic Bismut superconnection A; is
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Index for families of end-periodic Dirac operators

Theorem (T.) The transgression formula for the renormalized Chern character of
the end-periodic Bismut superconnection A; is

d R
ch(Ay) = t dx—
dt t 27TI dt fﬂ -1 /W/B S |' _A2 © (X X)) X

1 1 9Q¢
= 5ep(t) — dp (% 7{5—1 >t ( 9¢ ) d§)
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Index for families of end-periodic Dirac operators

Theorem (T.) The transgression formula for the renormalized Chern character of
the end-periodic Bismut superconnection A; is

jt Reh(Aq) = 27” g j[gl B /W/B ystr (K, oo () dx%
_ %ﬁep(t) — dg <217” ]{5_1 Str (38%) d§>
The end-periodic eta form is given by
;nep( t) = 2;1/ 7{5_1 £1/2 Sy (cﬁ(dy/Bf)A't(Y)(g)e—Af(Y)(é)) %
# o st (A emtanirge) )

1
with H(€) = / e 4O gy,
0
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Index for families of end-periodic Dirac operators
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Index for families of end-periodic Dirac operators

Theorem (T.) The Chern character of the index bundle for a family of

end-periodic Dirac operators D = (D?),cp is represented in de Rham
cohomology by

As(0(2)) - [

FAS(D(Y)) ~ 3y € (B)
w/B

Z/B

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz May 6, 2025 24 /27



Index for families of end-periodic Dirac operators

Theorem (T.) The Chern character of the index bundle for a family of

end-periodic Dirac operators D = (D?),cp is represented in de Rham
cohomology by

As(0(2)) - [

FAS(D(Y)) ~ 3y € (B)
w/B

Z/B

where T, is the end-periodic eta form

(o]
nep:/o Nep(t) dt.
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Index for families of end-periodic Dirac operators

Theorem (T.) The Chern character of the index bundle for a family of

end-periodic Dirac operators D = (D?),cp is represented in de Rham
cohomology by

AS(D(Z)) — / fAS(D(Y)) — %ﬁep e Q' (B)

Z/B w/B

where T, is the end-periodic eta form

o
nep:/o Nep(t) dt.

The degree 0 component of 7, is the fiberwise end-periodic eta invariant
z = nep(D*(Yz2))-
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Thank you

A few references:
@ C. Taubes, Gauge theory on end-periodic 4-manifolds, 1987.

@ N. Berline, E. Getzler, M. Vergne, Heat Kernels and Dirac Operators,
1992.

© R. Melrose, P. Piazza, Families of Dirac Operators, Boundaries, and
the b-Calculus, 1997.

Q@ T. Mrowka, D. Ruberman, N. Saveliev, An index theorem for
end-periodic operators, 2014.
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Extra slide

Some other important operators:

Semo(df) = tY/2 cl(dy pf) + 7" dpf
At(Y)() At(Y) — log(&)demo(df)
Qe = Ar(Y)(¢)e MO

The end-periodic eta invariant in the MRS index formula is given by

_ d¢
Tep = 27”/ j{a 1 r(ct(df) D exp(—tD; D;)?dt.
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Extra slide
The Bismut superconnection on Y is

A(Y) = D(Y) + Apy(Y) + A (Y)

where

1 .
Ap(Y) =~ > e nel cl(e)Qy(ea e5)e

a<p j

Alex Taylor (UIUC) Index formula for families of end-periodic Dirz May 6, 2025

27 /27



	Index theory for Dirac operators
	Index theory for end-periodic Dirac operators
	A new index formula for families

